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Mathematical physics methodsThe propagation of hydrodynamic wave packets and media with negative refractive index is studied in a
quintic derivative nonlinear Schrödinger (DNLS) equation. The quintic DNLS equation describe the wave
propagation on a discrete electrical transmission line. We obtain a Lagrangian and the invariant varia-
tional principle for quintic DNLS equation. By using a class of ordinary differential equation, we found
four types of exact solutions of the quintic DNLS equation, which are kink-type solitary wave solution,
antikink-type solitary wave solution, sinusoidal solitary wave solution, bell-type solitary wave solution.
By applying the modulation instability to discuss stability analysis of the obtained solutions. Modulation
instabilities of continuous waves and localized solutions on a zero background have been investigated.
 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Nonlinear wave phenomena exist in many fields, such as fluid
mechanics, plasma physics, biology, hydrodynamics, solid state
physics and optical fibers, etc. In order to better understand these
nonlinear phenomena, it is important to seek their exact solutions.
They can help to analyze the stability of these solutions and the
movement role of the wave by making the graphs of the exact solu-
tions [1–11].
Optical solitons have been the subjects of extensive research in
nonlinear optics due to their potential applications in telecommu-
nication and ultra fast signal processing systems [12–14]. Optical
solitons arise from the balance between group velocity dispersion
effect and nonlinear effect arising due to nonlinear change in the
refractive index [13]. A higher-order Schrodinger equation contain-
ing parameters, which is used to describe pulse propagation in
optical fibers, is shown to admit an infinite-dimensional prolonga-tion structure for exactly four combinations of the parameters,
besides the classical NLS equation [15–23]. The propagation of a
dispersive shock wave is studied in a quintic derivative nonlinear
Schrödinger (DNLS) equation, which describe, the wave propaga-
tion on a discrete electrical transmission line. It is shown that a
physical system described by a quintic DNLS equation without a
dissipative term may support the propagation of shock waves.
The influence of the derivative nonlinearity terms on the shock
was analyzed. The exact shock solutions of the quintic DNLS equa-
tion as the initial input signal were found [24].
The connection between the envelope soliton-like solutions of a
wide family of nonlinear Schrödinger equations and the soliton-
like solutions of a wide family of Korteweg-de Vries or
Korteweg-de Vries-type equations were investigated within the
context of the Madelung fluid description. Under suitable hypoth-
esis for the current velocity, the Gerdjikov-Ivanov envelope soli-
tons were derived and discussed. For a motion with the
stationary profile current velocity, the fluid density satisfies a gen-
eralized stationary Gardner equation, which possesses bright- and
dark-type solitary waves due to associated parametric constraints,
and finally envelope solitons were found correspondingly for the
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fluid description, bright and dark envelope solutions for a general-
ized mixed nonlinear Schrödinger model were derived. Based on
the Lax representation (Darboux transformation), the three cou-
pled higher order nonlinear Schrödinger equations with the
achievement of N-soliton solution formula were solved [25–31].
This paper is organized as follows: An introduction is given in
section one. In section two, the problem formulations of Lagran-
gian and the invariant variational principle for quintic DNLS equa-
tion have been formulated. In section three, we found four types of
exact solutions of the quintic DNLS equation, which are kink-type
solitary wave solution, antikink-type solitary wave solution, sinu-
soidal solitary wave solution, bell-type solitary wave solution.
Finally the conclusion is given in section four.2. Generalized quintic DNLS equation
The quintic DNLS equation is a well-known dynamical model
with numerous physical applications ranging from nonlinear
optics to the theory of molecular vibrations. The quintic DNLS
equation demonstrates a rich variety of dynamical behaviors,
including bright and dark solitary waves and shock waves, that
is, sharp expanding fronts followed by localized excitations and
background oscillations. The following quintic DNLS equation con-
sider as [32,33]
i @u
@t
þ @
2u
@x2
þ 2 uj j2  c
 
uþ ia @
@x
uj j2u
 
þ b uj j4u ¼ 0; ð1Þ
where the evolution of a wave envelope uðx; tÞ governed by a quin-
tic DNLS equation; In hydrodynamics, the coordinates t and x are
typically slow time and spatial coordinate traveling with the group
velocity. In the context of optical fiber physics, they denote distance
and retarded time, respectively; a;b and care real parameters. By
substituting uðx; tÞ ¼ /ðx; tÞ þ iwðx; tÞ, where /ðx; tÞ and wðx; tÞ are
real functions of x and t, in Eq. (1), this leads to the following cou-
pled nonlinear partial differential equations as
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We discuss the existence of a Lagrangian and the invariant vari-
ational principle for Eq. (1). In order to reduce Eq. (1) to a system of
two-second order equations, and express it in the following form:
Mð/;wÞ ¼  @/
@t þ @
2w
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ð3Þ
The consistency conditions are expressed in [34], furthermore,
the system of Eq. (1) satisfies the conditions [34], then a functional
integral Jð/;wÞ can be written down using the formula given by
[34], as
Jð/;wÞ¼ RX/ R 10 Nðk/;kwÞdkh idXþRXw R 10 Mðk/;kwÞdkh idX;
Jð/;wÞ¼ 112
R
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ð4Þwhere dX ¼ dtdx, On choosing the boundary on /x and wx to be such
that the boundary terms vanish, we derive the Lagrangian Lð/;wÞ is
given by
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As a necessary check to our calculations, we use the value of L in
the Euler–Lagrange equations:
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which yields us the system of Eq. (1). In order to solve the general-
ized quintic DNLS equation, we suppose that
uðx; tÞ ¼ UðnÞeiuðx;tÞ; uðx; tÞ ¼ lt þ k
2x
x; n ¼ kxþxt; ð7Þ
where UðnÞ is the linear phase shift function; k, x and l are the real
constants. By substituting from Eq. (7) in Eq. (1), we obtain
ð4ðl 2cÞx2  k2ÞUþ 2xð4x kaÞU3 þ 12iax3U2 @U
@n
þ 4bx2U5 þ 4x4 d
2U
dn2
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Then we have the ODE for UðnÞ as
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 
U3  b
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Multiplying of Eq. (9) by U0 and integrate with respect to n, we
obtain the following new auxiliary ordinary differential equation
U02 ¼ AU2 þ BU4 þ CU6 ð10Þ
where
A ¼ k
2
4x4
þ 2c l
x2
; B ¼ ka
4x3
 1
x2
; C ¼  b
3x23. Solitary wave solutions
Case I: The generalized higher order quintic DNLS equation can
be obtained solution in the form of kink-type solitary wave solu-
tion as:
U1ðx; tÞ ¼
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¼ 24kax 16x2ð3þ 8bc 4blÞ ð12Þ
Then the solution of Eq. (1) as kink-type solitary wave solution
u1ðx;tÞ¼
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l ¼ k
2ð3a2 þ 16bÞ  24kaxþ 16x2ð3þ 8bcÞ
64bx2
Case II: The antikink-type solitary wave solution of the general-
ized higher order quintic DNLS equation can be derived as:
U2ðx;tÞ¼
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Then the solution of Eq. (1) as kink-type solitary wave solution
u2ðx;tÞ¼
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Case III: The generalized higher order quintic DNLS equation
has the sinusoidal travelling wave solution in the following form
as:
U3ðx; tÞ ¼
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The solution of Eq. (1) as sinusoidal travelling wave solution
u3ðx; tÞ ¼
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where
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3a2
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Case IV: The generalized higher order quintic DNLS equation
can be deduce the solution in the form of bell-type solitary wave
solution as:
U4ðx; tÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
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provided that
1 < d < 1; k
2
4x2
þ 2c > l; 4x2ð1þ 4cd 2dlÞ þ 2dk2 ¼ kax;
4x2bþ 3ðd2  1Þðk2 þ 4x2ð2c lÞ ¼ 0; ð22Þ
Then the solution of Eq. (1) as bell-type solitary wave solution
u4ðx; tÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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A
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 
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where
l ¼ 4ð3þ 2bd 3d
2Þ2 þ 3a2ðd2  1Þðbþ 6cðd2  1ÞÞ
9a2ðd2  1Þ2
;
x ¼ 3kaðd
2  1Þ
4ð3þ 2bd 3d2Þ
A ¼ 16bð3þ 2bd 3d
2Þ2
27k2a2ðd2  1Þ3
;3.1. Modulation Instability
Many nonlinear systems exhibit an instability that leads to
modulation of the steady state as a result of an interplay between
the nonlinear and dispersive effects. To derive the modulation
instability of the generalized quintic DNLS Eq. (1) by applying the
standard linear stability analysis [35,36]. The generalized higher
order quintic DNLS equation has the steady state solution
uðx; tÞ ¼
ﬃﬃﬃ
P
p
þ wðx; tÞ
 
ei/ðtÞ; /ðxÞ ¼ ðP þ bP2Þt; ð24Þ
where P is the normalized optical power. We examine evolution of
the perturbation wðx; tÞ using a linear stability analysis. By substi-
tuting from Eq. (24) in Eq. (1) and linearizing in wðx; tÞ, we get
i @w
@t
þ @
2w
@x2
þ 2Pðwþ wÞ  2cwþ iaP @
@x
2wþ wð Þ
þ 2bP2 wþ wð Þ
¼ 0; ð25Þ
Consider the solution of Eq. (25) in the form
wðx; tÞ ¼ a1eiðkxxtÞ þ a2eiðkxxtÞ; ð26Þ
where k;x are the normalized wave number and frequency of per-
turbation. The dispersion relation k ¼ kðxÞ of a constant coefficient
linear evolution equation determines how time oscillations eikx are
linked to spatial oscillations eixt of wave number k, substituting
from Eq. (26) in Eq. (25), we obtain the following dispersion relation
as
Fig. 1. Comparison between numerical solution of Eq. (9) and their exact solutions in interval ½5;5 in one dimension, shapes are plotted (1a–1b); One-dimensional soliton
solutions in the different intervals are plotted (1c–1f).
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
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k4 þ k2ðP2a2  4P þ 4cÞ þ 4ðcþ 2P2bÞðc 2Pð1þ PbÞÞ
q
;
ð27Þ
The dispersion relation (27) shows the steady state stability
depends on the group velocity dispersion, self-phase modulation
and stimulated Raman scattering. In the case k4þk2ðP2a2  4P þ 4cÞ þ 4ðcþ 2P2bÞðc 2Pð1þ PbÞÞP 0 or
k4 þ k2ðP2a2  4P þ 4cÞP 4ðcþ 2P2bÞð2Pð1þ PbÞ  cÞ, the wave
number x is real for all k and the steady state is stable against
small perturbations. By contrast, the steady state solution becomes
unstable in the case of k4 þ k2ðP2a2  4P þ 4cÞ < 4ðcþ 2P2bÞ
ð2Pð1þ PbÞ  cÞ, the wave number k is imaginary part since the
perturbation then grows exponentially. One can easily see that
Fig. 2. Kink-type solitary wave solution, antikink-type solitary wave solution, sinusoidal solitary wave solution, bell-type solitary wave solution of the amplitude of the
generalized quintic derivative nonlinear Schrödinger equation plotted in (2a–2d).
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4P þ 4cÞ < 4ðcþ 2P2bÞð2Pð1þ PbÞ  cÞ. Under this condition, the
growth rate of modulation stability gain spectrum gðkÞ could be
expressed as
gðkÞ ¼ 2ImðxÞ
¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k4 þ k2ðP2a2  4P þ 4cÞ þ 4ðcþ 2P2bÞðc 2Pð1þ PbÞÞ
q
; ð28Þ4. Conclusion
In this study, we created the new the exact bright, dark and
bright-dark solitary wave soliton solutions of the generalized quin-
tic derivative nonlinear Schrödinger equation, which are very
important in physics and mathematics. The solutions of general-
ized quintic derivative NLS equation were obtained in the explicit
form. Lagrangian and the invariant variational principle for quintic
DNLS equation were derived. By using a class of ordinary differen-
tial equation, four types of exact solutions of the quintic DNLS
equation were obtained, which are kink-type solitary wave solu-
tion, antikink-type solitary wave solution, sinusoidal solitary wave
solution, bell-type solitary wave solution (Figs. 1a–f and 2a–d). The
stability of these solutions and the movement role of the waves are
analyzed by applying the modulation instability analysis and sta-
bility analysis solutions. Many new exact solutions were derived,which have important applications in applied sciences and might
provide a useful help for researcher and physicists to study more
complex physical phenomena. By applying the modulation insta-
bility to discuss stability analysis of the obtained solutions. Modu-
lation instabilities of continuous waves and localized solutions on a
zero background have been investigated.References
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